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Coefficient Bounds for A Subclass of Analytic Functions Associated
with Chebyshev Polynomials and Deniz-Orhan Operator
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aAnadolu University, Faculty of Education, Department of Mathematics, Eskişehir, Türkiye

Abstract. In this paper, we obtain initial coefficients |a2| and |a3| for a certain subclass by means of
Chebyshev polynomials expansions of analytic functions defined by Deniz-Orhan operator inD.

1. Introduction and Preliminaries

LetA be the class of the functions of the form:

f (z) = z +
∫
∞

2
anzn dn (1)

which are analytic in the open unit disc

D := {z : z ∈ C : |z| < 1 }

and satisfying the conditions f (0)= 0 and f ′ (0)= 1.
Also, let S be the subclass ofA consisting of the form (1) which are univalent inD.
Let f and 1 be analytic functions inD.We define that the function f is subordinate to 1 inD and denoted
by

f (z)≺1 (z) (z∈D) ,

if there exists a Schwarz function ω,which is analytic inDwith ω (0)= 0 and |ω (z)|< 1 (z∈D) such that

f (z)=1 (ω (z)) (z∈D) .

If 1 is a univalent function inD, then

f (z)≺1 (z)⇔ f (0)=1 (0) and f (D)⊂1 (D) .

For a function for f (z)∈A, the multiplier differential operator Dn
α,δ f was extended by Deniz and Orhan [6]

as follows:
D0
α,δ f (z)= f (z) ,
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D1
α,δ f (z)=Dα,δ f (z)=αδz2 f

′′

(z)+ (α−δ) z f
′

(z)+ (1 − α + δ) f (z) ,

...

Dn
α,δ f (z)=Dα,δ

(
Dn−1
α,δ f (z)

)
,

where α ≥ δ ≥ 0 and n ∈ N0=N ∪ 0 . If f is given by (1) then from the definition of the operator Dn
α,δ f (z) it

is easy to see that

Dn
α,δ f (z)=z+

∫
∞

k=2
Φn

k akzk, (2)

where Φk = [1 + (αδk + α − δ) (k − 1)] ,
(
Φn

k = [Φk]n
)

; α ≥ δ ≥ 0 and n ∈N0.
It should be remarked that the Dn

α,δ f is a generalization of many other linear operators considered earlier.
In particular, for f∈Awe have the following:

1. Dn
1,0 f (z) ≡ Dn f (z) the operator defined by Salagean [18].

2. Dn
α,0 f (z) ≡ Dn

α f (z) the operator studied by Al-Oboudi [3].
3. Dn

α,δ f (z) the same operator considered for 0 ≤ δ ≤ α ≤ 1, by Raducanu and Orhan [17].

Chebyshev polynomials play a considerable role in numerical analysis. There are four kinds of Chebyshev
polynomials. The first and second kinds of Chebyshev polynomials are defined by:

Tn (t)= cosnφ and Un (t)=
sin (n+1)φ

sinφ
(−1 <t< 1)

where n denotes the polynomial degree and t= cosφ. For a brief history of Chebyshev polynomials of the
first kind Tn (t) , the second kind Un (t) and their applications one can refer [1], [2], [4], [5], [7]-[16], [19].
Now, we define a subclass of analytic functions inDwith the following subordination condition:

Definition 1.1. A function f ∈ A given by (1) is said to be in the class N
(
γ,λ, t

)
for 0 ≤ γ ≤ 1, λ ∈ C\ 0 and

t ∈
(

1
2 , 1
]

if the following subordination hold:

1+
1
λ

[(
Dn
α,δ f (z)

)′
+γz
(
Dn
α,δ f (z)

)′′
−1
]
≺H (z, t)=

1
1 − 2tz+z2

(z∈D) (3)

where

0≤γ≤1, α≥δ≥0,λ∈C\ 0 , n∈N.

We consider that if t= cosφ
(
−π
3 <φ<

π
3

)
, then H (z, t)= 1

1−2cosφz+z2= 1+
∫
∞

n=1
sin(n+1)φ

sinφ zn (z∈D) .

Thus, H (z, t)= 1 + 2cosφz+
(
3cos2φ−sin2φ

)
z2+· · · (z∈D) .

So, we write the Chebyshev polynomials of the second kind as following:

H (z, t)= 1+U1 (t) z+U2 (t) z2+· · · (z∈D,−1 <t< 1)

where Un−1 (t)= sin(narccost)
√

1−t2
, n∈N and we have Un (t)= 2tUn−1 (t)−Un−2 (t) ,

U1 (t)= 2t, U2 (t)= 4t2
−1, U3 (t)= 8t3

−4t, U4 (t)= 16t4
−12t2+1,· · · (4)

The Chebyshev polynomials Tn (t) , t∈ [−1, 1] of the first kind have the generating function of the form∫
∞

n=0
Tn (t) zn=

1−tz
1 − 2tz+z2

(z∈D) .

There is the following connection by the Chebyshev polynomials of the first kind Tn (t) and the second kind
Un (t) :

dTn (t)
dt
=nUn−1 (t) , Tn (t)=Un (t)−tUn−1 (t) , 2Tn (t)=Un (t)−Un−2 (t) .

In this paper, we obtain initial coefficients |a2| and |a3| for subclass N
(
γ,λ, t

)
by means of Chebyshev

polynomials expansions of analytic functions defined by Deniz-Ozkan operator inD.
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2. COEFFICIENT BOUNDS FOR THE FUNCTION CLASSN
(
γ, λ, t

)
We begin with the following result involving initial coefficient bounds for the function classN

(
γ,λ, t

)
.

Theorem 2.1. Let the function f (z) given by (1) be in the classN
(
γ,λ, t

)
. Then,

|a2| ≤
t |λ|(

1+γ
)
Φn

2
(5)

and

|a3| ≤
|λ|
(
4t2+2t−1

)
3
(
1 + 2γ

)
Φn

3
(6)

where Φn
2 = [1 + (2αδ + α − δ)]n and Φn

3 = [1 + 2 (3αδ + α − δ)]n.

Proof. Let f∈N
(
γ,λ, t

)
. From (3), we have

1+
1
λ

[(
Dn
α,δ f (z)

)′
+γz
(
Dn
α,δ f (z)

)′′
−1
]
= 1 +U1 (t) p (z)+U2 (t) p2 (z)+... (7)

for some analytic functions

p (z)=c1z+c2z2+c3z3+· · · (z∈D)

such that p (0)= 0,
∣∣∣p (z)

∣∣∣< 1 (z∈D) . Then, for all j∈N,∣∣∣c j

∣∣∣≤1

and for all µ∈R ∣∣∣c2 − µc2
1

∣∣∣ ≤ max{1, |µ|}.

It follows from (7) that

1+
1
λ

[(
Dn
α,δ f (z)

)′
+γz
(
Dn
α,δ f (z)

)′′
−1
]
= 1 +U1 (t) c1z+

[
U1 (t) c2+U2 (t) c2

1

]
z2+· · · (8)

It follows from (8) that

2
(
1+γ
)
Φn

2a2

λ
=U1 (t) c1 (9)

and

3
(
1 + 2γ

)
Φn

3a3

λ
=U1 (t) c2+U2 (t) c2

1 (10)

From (4), (8) and (9), we have

|a2| ≤
t |λ|(

1+γ
)
Φn

2

By using (4) and (8) in (10), we obtain

|a3| ≤
|λ|
(
4t2+2t−1

)
3
(
1 + 2γ

)
Φn

3

which completes the proof of Theorem 1.

For λ= 1 in Theorem 1, we obtain the following corollary.
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Corollary 2.2. Let f ∈ N
(
γ, 1, t

)
. Then

|a2| ≤
t(

1+γ
)
Φn

2

and

|a3| ≤
4t2+2t−1

3
(
1 + 2γ

)
Φn

3

where Φn
2 = [1 + (2αδ + α − δ)]n and Φn

3 = [1 + 2 (3αδ + α − δ)]n.

If we choose γ= 0 in Theorem 1, we get the following corollary.

Corollary 2.3. Let f ∈ N (0,λ, t) . Then

|a2| ≤
t |λ|
Φn

2

and

|a3| ≤
|λ|
(
4t2+2t−1

)
3Φn

3

where Φn
2 = [1 + (2αδ + α − δ)]n and Φn

3 = [1 + 2 (3αδ + α − δ)]n.

Putting γ= 0 in Corollary 1, we have the following corollary.

Corollary 2.4. Let f ∈ N (0, 1, t) . Then

|a2| ≤
t
Φn

2

and

|a3| ≤
4t2+2t−1

3Φn
3

where Φn
2 = [1 + (2αδ + α − δ)]n and Φn

3 = [1 + 2 (3αδ + α − δ)]n.

Putting n= 0 in Corollary 3, we get the following result.

Corollary 2.5. Let f ∈ N (0, 1, t) . Then

|a2| ≤t

and

|a3| ≤
4t2+2t−1

3
.
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[1] Altınkaya, Ş., Yalçın S. (2016). On the Chebyshev polynomial bounds for classes of univalent functions, Khayyam Journal of Mathematics,
2 (1), 1-5.
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